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Abstract—Multielement system capacities are usually thought of
as limited only by correlations between elements. It is shown here
that degenerate channel phenomena called “keyholes” may arise
under realistic assumptions which have zero correlation between
the entries of the channel matrix and yet only a single degree of
freedom. Canonical physical examples of keyholes are presented.
For outdoor environments, it is shown that roof edge diffraction
is perceived as a “keyhole” by a vertical base array that may be
avoided by employing instead a horizontal base array.

H

Index Terms—Bell-labs layered space–time, correlation, keyhole, multiple-input multiple-output, propagation.

I. INTRODUCTION

S

INGLE USER communication with
transmit and receive antennas can achieve very high spectral efficiencies in
highly scattering environments [1]. For example, Bell-labs layered space–time (BLAST) communication technique has been
proposed by Foschini [2], and demonstrated experimentally by
Golden et al. [3] and Wolniansky et al. [4]. These high spectral efficiencies are enabled by the fact that a scattering environment makes the signal from every individual transmitter appear
highly uncorrelated at each of the receive antennas. As a result,
the signal corresponding to every transmitter has a distinct spatial signature at the receiver. These different spatial signatures
allow the receiver to effectively separate, with adequate signal
processing, the transmissions—simultaneously and on the same
frequency—by the different transmit antennas. In a sense, the
scattering environment acts like a very large aperture that makes
it possible for the receiver to resolve the individual transmitters.
The high spectral efficiency is reduced if the signals arriving
at the receivers are correlated. A narrow-band channel may be
described in terms of a complex channel transfer matrix ,
corresponds to the response of the th receiver
whose entry
to the signal sent by the th transmitter. When the entries of
are distributed as complex Gaussians, maximum capacity is
for
and
. Correlaachieved when
tion between antennas may be reduced in actual deployments by
separating the antennas spatially [5]–[7]. However, it has been
shown by Chizhik et al. [8] and by Gesbert et al. [9] that low
correlation is not a guarantee of high capacity. In [8], the existence of degenerate channels called “keyholes” has been proposed and demonstrated through physical examples that have
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uncorrelated transmit and receive signals, and yet only a single
degree of freedom. In [9], it has been shown that such degenerate channels termed “pinholes”, are extreme cases in a wide
family of channels.
In this paper, Section II reviews the singular value decommatrices, while Section III uses
position of the channel
a spatial keyhole example to demonstrate the degeneracy.
Sections IV and V present and analyze the mechanisms
by which channel degeneracy may arise in practical cases,
Section IV for indoors (hallway) and Section V for outdoors.
For simplicity, narrow-band capacity will be considered in this
work. The results may readily be generalized to the wide-band
case, simply by considering the wide-band as a collection of
narrow-band channels.
II. SINGULAR VALUE DECOMPOSITION
In general, for
transmitters and receivers, the
channel matrix
may be represented in terms of the singular
where and
are
value decomposition (SVD):
and
, respectively,
unitary matrices with sizes
diagonal matrix. Equivalently, the channel
and is an
matrix may be represented in terms of a sum of dyads
(1)
and
are the th row and column of and
, rewhere
spectively, and indicates a conjugate transpose. The singular
is proportional to the square root of the propagation
value
loss. Each such dyad represents a mode of communication, or
a degree of freedom. The form is suggestive of the sort of processing one might want to do at the transmitter (waterpouring)
and at the receiver [10], [11].
III. KEYHOLE
Picture, for example, two-element transmitting and receiving
arrays both surrounded by clutter. Ordinarily, this would lead to
an uncorrelated Gaussian channel, which has been shown to have
high capacity [1]. Now, imagine placing a screen with a small keyhole punched through it, separating the regions containing the receiving and transmitting arrays, as shown in Fig. 1. The only way
for the radio wave to propagate to the receiver is to pass through
the keyhole. The electric field incident on the keyhole is
(2)
and
operate on the source
where the channel coefficients
signals and . The channel coefficients include the effect of

1536-1276/02$17.00 © 2002 IEEE

362

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 1, NO. 2, APRIL 2002

Fig. 1. Spatial keyhole concept.

rich multiple scattering and, therefore, are assumed to be distributed as independent Gaussian random variables. The field
, where is the scattransmitted through the keyhole is
tering cross section of the keyhole. The received field vector is
(3)

Fig. 2. Probability distributions of received signal power for a complex
Gaussian and product of complex Gaussian processes.

are complex Gaussian coefficients describing
where and
the scattering at the receive array. The channel matrix is, thus,
given by
(4)
which is clearly a dyad with one degree of freedom. As the coare independent, all entries of the
efficients , , , and
are uncorrelated. Thus, the channel matrix
channel matrix
has low correlation and yet a single degree of freedom. In conis distributed not as a
trast to the usual case, each entry of
complex Gaussian but as a product of complex Gaussians. The
of power for such a process may
probability distribution
be shown to be [12]
(5)
is the modified Bessel
where is the average power and
function. This distribution is compared with the exponential distribution of power that characterizes complex Gaussian channels in Fig. 2. While, the vector nature of the electric field has
been ignored here, the keyhole may be realized more generally by following the spatial keyhole by a polarizer, which suppresses one polarization. Multiple scattering may be written as a
sum of “keyhole” cobtributions, Fig. 3, approaching a complex
Gaussian process according to the Central Limit Theorem.
IV. MODAL KEYHOLE IN A WAVEGUIDE
The above presented the concept of a “spatial keyhole”.
Similar phenomena may be found in other basis. For example,
Driessen and Foschini [5] have pointed out such degeneracy
for large separation between transmit and receive arrays.
Shiu et al. [6] has found similar behavior in the case of two
rings of scatterers, at large separation. In that case, the single
degree of freedom is supported by a “spectral keyhole” (i.e.,
single plane wave between the scattering regions). An example
of a keyhole in a realistic environment arises in a hallway or a
tunnel. At microwave frequencies the hallway may be thought

Fig. 3. Multiple “keyholes” or scatterers lead to a complex Gaussian process.

of as an overmoded waveguide. If the waveguide walls may
be characterized by a perfectly conducting boundary condition
and the cross section of the waveguide is homogeneously filled,
the fields may be decomposed as a sum of transverse electric
(TE) and transverse magnetic (TM) modes. The problem is then
decomposed into two scalar problems. This case is treated in
this section for simplicity. For antennas that are small relative
of the
matrix may be
to the wavelength, the entries
modeled as responses to point sources. The coefficient
which describes the propagation effects from transmitter
to
receiver obeys the Helmholtz scalar wave equation
(6)
and satisfies the boundary conditions on the walls of the
waveguide. It may now be represented completely as a sum
correof normal modes with modal eigenfunctions
where is
sponding to characteristic modal wavenumbers
and
are
the mode index, and
the coordinates of the receive antenna and transmit antennas,
respectively, in the cross section of the waveguide
(7)
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The two arrays are separated by the distance along the waveguide. A modal eigenfunction is a field solution to (6) that does
not change its distribution in the cross section of the waveguide
as the wave propagates. The received signal at a particular receiver consists of a sum of signals radiated by all the transmitters
(8)
is a signal applied to the th transmit antenna. The
where
vector of all the received signals is now

(9)
from where the channel transfer matrix may be written as a sum
of dyads
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at the base station, originates due to scattering in the vicinity
of the remote. No further scattering, e.g., from tall buildings
around the base station, is assumed. It is important to determine
whether there are significant paths that involve scattering from
other buildings. In Jakes [13], the angular spread of the signal at
the base station is related to the radius of the scatterers near the
remote. Adachi et al. [16] have found that the apparent angular
spread as perceived at the base station is related to the orientation of the street taken by the mobile. When the street with the
mobile was running along a tangent to a circle centered at the
base (circumferential route), the angular spread at the base was
found to range from 2 to 6 . When the street was running along
a radial line from the base (radial route), the angular spread
was 1 –3 . The difference was explained by arguing that when
taking the circumferential route, the mobile was surrounded by
scatterers which were up and down the street, thus, producing
a scattering radius that was much larger than that available at
the radial route. Bertoni et al. [17] have also looked at the various mechanisms for producing the angular spread, but modeled
primarily the scattering from buildings not necessarily close to
the mobile. Furthermore, many successful physical (i.e., nonempirical) models of the propagation loss (e.g., Walfisch–Bertoni
[18]) assume that the dominant signal travelling from the remote to the base is confined to the vertical plane, and suffers
diffraction at the roof edge near the remote. For a vertical array,
geometric arguments (Fresnel approximation) may be used to
show that scattering in the horizontal plane, say from distant
buildings, would produce a small contribution to capacity if the
diffraction at the roof edge occurs near the remote.

(10)
B. Analysis
The left and right vector components of any one of the dyads
above are not necessarily orthogonal to the left and right vector
components of other dyads. This is unlike the proper SVD decomposition in (1). Still, the number of modes supported by a
waveguide limits maximum number of degrees of freedom. Correlation between antennas will reduce the capacity further. In the
presence of loss, the lowest order mode dominates at large distances from the source. The channel for each polarization, thus,
has only a single degree of freedom, represented by the lowest
order mode—a “modal keyhole.” Scattering in the waveguide
regions surrounding both receiver and transmitter would not improve the richness of the channel. An example would be that of
a signal propagating down a hallway and entering into a room
with furniture. While the signals at different receivers may be
uncorrelated, the capacity is reduced due to a fact that the signal
has already gone through a modal keyhole.
More general waveguides are characterized by modes that are
not TM or TE modes. While the mode functions may not be
scalar in the coordinate system of the waveguide geometry, similar behavior is expected to arise there as well.
V. OUTDOOR PROPAGATION
A. Origins of Angular Spread Outdoors
In the analysis carried out in this work, it is assumed that the
dominant signal path suffers diffraction at the roof edge near the
remote. It is also assumed that the angular spread, as perceived

The diffracting edge acts as an equivalent horizontal line
source with varying current strength along its length. If the base
antennas are vertically separated, the richness of the perceived
channel is collapsed, and a “keyhole” is formed. Increasing
the vertical separation would not be of any use. This may be
remedied by placing the base antennas in a horizontal array.
In that case, adequate antenna separation will be required to
assure low correlation [7]. Analysis demonstrating these effects
follows below.
The environment is modeled as a dielectric slab, shown in
Fig. 4, which represents large-scale clutter, e.g., houses, trees,
etc. The signal radiated by the remote antennas is scattered in the
vicinity of the remote and produces a field in the horizontal
plane lying above the street where the remote is located and at
the height of the top of the large-scale clutter.
represents the horizontal
field in the
The scalar field
field in the
case of vertical polarization and the horizontal
case of horizontal polarization. This scalar field representation
is strictly valid only where there is no cross-polarization coupling, but is used here for simplicity to demonstrate the effect of
roof edge diffraction. It has been reported by Lee and Yeh [19]
that cross-polarization coupling is about 6 dB in mobile radio.
As the fading between the signals on the two polarizations is uncorrelated (Jakes [13]), the capacity is expected to be approximately doubled through the use of both polarizations at both the
transmitter and the receiver. It is assumed that the medium has
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where is the wavelength. The Fresnel approximation for the
distance between the base antenna (or its image) and the aperture has been employed in (14)

(15)
For the high frequencies considered here the wavenumber is
high and most of the contribution to the integral over in (14)
. Equation (14) may be
comes from the neighborhood of
simplified by evaluating the integral over the coordinate by
means of the initial value theorem

Fig. 4. Canonical outdoor environment.

no preferential treatment of either polarization [12]. The field
, therefore, satisfies the scalar Helmholtz equation
(16)

(11)
The field radiated by the remote and measured at the base station may be expressed in terms of the values of the field at the
boundary which is a horizontal plane just above the dielectric
slab, by using Helmholtz–Kirchhoff theorem
(12)
where the Green’s function

is
(13)

where points to the integration boundary, and and point to
the base station antenna and its image, respectively. The Green’s
function is the field response at due to a point source at .
It serves a role similar to the impulse response in linear system
theory, while (12) may be thought of as a superposition integral.
In (12), the integration is over the horizontal plane boundary.
Both the field and the Green’s function satisfy the Dirichlet
boundary condition at the top of the large-scale clutter:
,
. This is approximately true for both horizontal and
vertical polarizations for plane wave reflection from a dielectric
half space when the grazing angles are small. This is the case of
interest in terrestrial communications, where the height of the
base station is small compared with the distance to the remote.
As the Green’s function is zero over the entire boundary,
the second term in the integrand of (12) drops out and the integration in (12) is then over the horizontal half-plane to the left
of the gray region in Fig. 4. The field at the base may then be
calculated as

(14)

Now the integral is only over the axis which coincides with
the roof edge. Equation (16) expresses the fact that the field
measured at the base results from the diffraction of the remote
may be
field at the roof edge. Note that the received power
expressed in terms of the field as
(17)
is the transmitter gain,
is the receiver gain, and
where
is the transmitted power. Using (16) for the field , one finds
varies with frequency and distance
that the received power
to the base station in a way that is comparable to the empirical
Hata model [20]. In particular, the received signal power decays
.
with distance as
For an array of base antennas that are all located at the same
distance from the roof edge, the vector of received signals is

(18)
..
.
is

where the edge field

(19)
is the Green’s function due to the source
and
which is evaluated at the roof edge, and includes all the streetis the signal transmitted from the source
level scattering, and
. We can now write the channel transfer function as shown
in (20) at the bottom of the page.

(20)
..
.

..
.

..
.
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amplitude
, we get the channel transfer
matrix as shown in (23) at the bottom of the page.
The received signal is still a dyad with one degree of freedom.
is not separable, the propaIf the scattering strength
gation is no longer strictly degenerate. The capacity would then
depend on the ability of the base station array to resolve adequately the scattered signals, which may be difficult in the vertical plane where the angle spreads tend to be small [16]. The
impact on capacity may be quantified for a particular scattering
geometry through a correlation matrix [7].
D. Horizontal Base Array

Fig. 5. Effect of additional scattering such as from a tall building over the
rooftops.

When the base antennas are arranged in a horizontal linear
array, the and coordinates are the same for all the elements
. From (18), the receive signal vector
may be written as

C. Vertical Base Array
When the base antennas are arranged in a vertical array,
for all , where is the base antenna
index. Using these coordinates in (20) the channel transfer
matrix may then be immediately written as shown in (21) at the
bottom of the page. Note that the matrix is a dyad, providing
only a single degree of freedom. This degenerate behavior
results from applying the initial value theorem to (14) to get
(16). The resulting field as measured at the base station has lost
all richness in the vertical direction.
We now try to generalize to include additional scattering over
the slab representing the large-scale clutter. The scattering is
, shown in Fig. 5.
represented by the scattering amplitude
The field received by a base antenna due to remote antenna
is

(22)
which
The field incident on the scatterer is
is the field radiated by the remote source , scattered at street
level and diffracted over the roof edge. The integration is carried
out over the scatterer whose coordinates are double primed. We
in (22). For separable scattering
can use (16) to determine

..
.
(24)
matrix is shown in (25) at the bottom of the next
and the
page. It may be observed that it is not possible to factor the
matrix in the same way as was done in the case of the vertical
array in (21). The integration carried out in (24) and (25) may be
seen to be a linear (and unitary) transformation of the roof edge
and the Green’s function , respectively. As the
field
field at the roof edge has undergone extensive scattering in the
vicinity of the remote, the field at the roof edge is actually a sum
of many multipath arrivals, and may be modeled as a complex
Gaussian process, following the central limit theorem. Received
is a linear functional of aperture field
, as seen
field
is a Gaussian process, so is
, because a
in (14). If
linear transformation of a Gaussian process is also Gaussian.
Gaussian processes are completely characterized by their mean
and covariance.
The antenna elements at the remote are assumed to be adequately separated to produce no correlation between the remote
for isotropic
antennas (antenna separation on the order of
and
scattering). Thus, the Green’s functions
are not correlated for any
and, alternatively,
which are in different columns are uncorrelated.
entries of

(21)

..
.

..
.
(23)
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The only correlations that need be computed are between the
entries in different rows but the same column of .

Substituting (28) into (27), we get

Now the mean of the field at the base due to remote antenna
is computed by taking the average of any element of (25)
(29)
If we assume the incoherent intensity to be of Gaussian form
of the order of street width
with the spatial scale
(30)

(26)
The mean field at the receiver is found to be zero, provided the
.
mean field at the roof edge is zero,
measured
Next the correlation of the field due to source
may be determined
at the two base antennas
from two entries of (25) that are in the same column as shown
in (27) at the bottom of the page. For convenience, the coordinate system in both the primed (aperture) and unprimed (base)
locations has been changed to the center and difference coordinates, denoted by the subscripts and . Correlation at the base
station is seen to be a linear functional of correlation at the aperture. Through the integral in (27), the correlation function of the
field at the roof edge may be propagated to the base station antennas.
We can proceed further by making a particular assumption
about the form of the correlation function of the field at roof
edge. The correlation of the field at two points on the roof edge
is represented by a delta function in the difference coordinate,
which simply means that the fields at two distinct points are
assumed to be uncorrelated. This is an approximation which is
thought to be valid as the field is expected to be decorrelated on
which is much smaller than other spatial scales
a scale of
in (27).
The field of remote antenna at the roof edge is then repreat the roof
sented by an incoherent line source of intensity
edge
(28)

Correlation coefficient, obtained by normalizing (29), is also of
Gaussian form

(31)
where is the distance between base antennas. The correlation
coefficient in (31) is compared in Fig. 6 to the correlation coefficient, which results from the analysis by Chu and Greenstein
[14] of the empirical data, collected by Rhee and Zysman [15].
The spatial scale of 30 meters (m) corresponds well to the 2
spread observed for remote locations 1 km away.
Now the stochastic process determining the channel transfer
is completely specified. Given the assumptions in
matrix
this section, and for the case of the horizontal base array, the
process is seen to be a complex Gaussian process with matrix mean zero, which follows from (26), and zero covariance
for
,
between distinct remote antennas
which is a consequence of the delta function dependence in
remote antennas and
base sta(28). For a system with
tion antennas, the random matrix may then be generated from
, where
is a matrix of independent identically distributed complex Gaussian entries, and is the
covariance matrix with entries
,
is the horizontal separation
where is given by (31), and
between base station antennas and . Here, both and
are
matrices, and the matrix square root is the square
root with nonnegative eigenvalues. In [7], the capacity of the

(25)
..
.

..
.

..
.

(27)
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VI. CONCLUSION

Fig. 6. Correlation of signals received at the base station antennas as a
function of separation. Compared are correlation coefficient computed under
the assumption of limited angular spectrum with a 2 spread ([4], [8]) and
correlation coefficient from (31).

channel has been analyzed in the case when there is a correlation between the signals received at the base station antennas.
The correlation coefficient between antennas has been derived
based on the assumption that the angular spectrum of signals received at the base is of width 2 at 1 km. This is seen in Fig. 6 to
be equivalent to the correlation coefficient obtained in the analysis in this work. The results in [7] may, therefore, be applied
here without reservation. It was found that, when the base antennas are separated by , the capacity at 10% outage is 80% of
that achievable in completely uncorrelated Gaussian channels.
This appears to be a reasonable compromise between base antenna array size and achievable capacity.

It was shown here that degenerate channel phenomena, called
“keyholes” may arise under realistic assumptions which have
zero correlation between the entries of the channel matrix and
yet only a single degree of freedom. Decorrelation is, therefore,
not a guarantee of BLAST performance. Such cases lead to the
matrix following statistics that are a product
entries of the
process of two complex Gaussian distributions, as opposed to
the complex Gaussian distribution normally assumed in wireless
channels. Canonical physical examples of keyholes have been
demonstrated, including a spatial keyhole in a metal screen, a
modal keyhole in a waveguide, or a hallway (when only one
mode propagates). Of most relevance to outdoor propagation, a
diffraction-induced keyhole that is perceived by a vertical base
array has been discussed and modeled in detail. A remedy for
this degeneracy is to use a horizontal array, where the antenna
elements are separated enough to resolve the scattering region
around the remote. In previous work, it was found to be sufficient to separate the elements by , provided the scattering
region is about 30 m in diameter (about a street width), and the
remote is less than 1 km away from the base. A similar diffraction-induced keyhole might occur in a microcell system in the
case of a vertical building edge and a horizontal array, as may
be found in a microcell. Such degeneracy would be removed if
there are other paths (e.g., reflection paths) beside the diffracted
ray. Finally, a nightmare scenario may be envisioned where the
dominant signal from the remote is first diffracted at the roof
edge and then around the vertical edge of a tall building on its
way to the base station. In this case, a roof edge would collapse
all the vertical richness of the channel, as above, and then a
vertical building edge would subsequently collapse all the horizontal richness. This would leave only two degrees of freedom
for two polarizations, which may be further collapsed to one
degree of freedom after passage through a polarizing medium,
such as a metal picket fence. Such a scenario is conceivable but
may be argued to be somewhat contrived.

E. Discussion
Above it was found that a vertical array at the base station
would perceive a keyhole due to the diffraction at the roof edge
near the mobile. A horizontal array, however, would not perceive a keyhole, and would, thus, achieve higher capacity, provided the antennas are adequately separated. The anomalous behavior of the vertical array arises only if all other paths, such as
around the buildings, are negligible compared with the one that
diffracted over the roof edge. Such additional scattering will,
generally, increase the richness of the channel, thus, increasing
the channel capacity. While the degeneracy of the channel in
the case of a roof edge diffraction and a vertical base array does
not hold strictly once the nonseparable scatter (e.g., from tall
buildings) is included, the capacity is still expected to be low,
as the vertical array would have to resolve in the vertical plane
signals that have mostly been scattered in the horizontal plane.
A conservative model would nevertheless attribute the angular
spread to the scattering in the vicinity of the remote, ruling out
the use of a vertical base station array, as was done here. For a
horizontal array, additional scattering from tall buildings would
enrich the channel and lead to larger capacities.
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